This work focuses on the symmetric solutions for a weighted quasilinear elliptic system involving multiple critical exponents in R N . Based upon the Caffarelli-Kohn-Nirenberg inequality and the symmetric criticality principle due to Palais, we prove a variety of symmetric results under certain appropriate hypotheses on the singular potentials and the parameters.
Introduction
The present paper is dedicated to studying the following singular quasilinear elliptic system: 
u(x), v(x)
, the quasilinear elliptic system (.) gets more sophisticated to deal with than (.) and (.), and hence we have no choice but to confront more difficulties. To the best of our knowledge, even in the particular cases β = α =  and p = , it seems like little work on the symmetric solutions for the problem (.). Let K  >  be a constant. In this work, applying the symmetric criticality principle of Palais and variational methods, we will treat both the cases of h = ,
The remainder of this article is schemed as follows. The variational framework and some preliminaries are presented, and the main results of this article are stated in Section . We detail the proofs of the symmetric results for the cases h =  and K(x) ≡ K  in Section , while the existence results for the cases h =  and K(x) ≡ K  are proved in Section .
Preliminaries and main results
Let O(N) be the group of orthogonal linear transformations of R N with natural action 
Now, we define the product space (D ,p
The natural functional space to investigate (.) is the Banach space (D
 consisting of all G-symmetric functions. This work is devoted to the study of the following systems:
To clearly describe the results of this work, several notations should be presented:
where > , and the constant C = C(N, p, α, β) > , depending only on N , p, α and β. According to [] , we remark that y (x) fulfills the following equations:
We presume that the functions K(x) and h(x) verify the following hypotheses.
The main results of this work are summarized in the following.
Corollary . Suppose that (k.) and (k.) hold. Then we have the following statements. 
and either
and |x| small and 
Corollary . If K is a radially symmetric function such that K
possesses infinitely many solutions which are radially symmetric.
Remark . The main results of this work extend and complement that of [, , , ].
Even in the particular cases β = α =  and p = , the above results to problem (P
In the sequel, we denote by B r (x) a ball centered at x with radius r. For simplicity, we use the same C or C i (i = , , . . .) to denote various generic positive constants. o n () denotes a datum which tends to  as n → ∞. The dual space of (D
In a given Banach space X, we denote by '→' and ' ' strong and weak convergence, respectively. Hereafter,
has a subsequence, which strongly converges to certain element in X.
Existence and multiplicity results for problem (P K

)
The energy functional corresponding to problem (P
and it is well known that the weak solutions of problem
More precisely, according to the symmetric criticality principle due to Palais (see Lemma .), we say that
The proof of the following lemma is straightforward, we can find a similar proof in [], Lemma , (see also [] , Proposition .).
where ξ min >  is a minimal point of A (ξ ) and therefore a root of the equation
Then we have the following statements.
Proof The proof is a repeat of that in [], Theorem ., and therefore is omitted here.
In order to establish our conditions under which the Palais-Smale condition holds, we need the following concentration compactness principle in [] (see also [] , Lemma .).
in the sense of measures. Then there exists some at most countable set J , {η
To obtain symmetric solutions for system (P K  ), we prove the following local (PS) c condition, which is indispensable for the proof of Theorem ..
Proof The proof is analogous to that of [] , Proposition , but we exhibit it here for com-
we may presume that (
the Hölder inequality, and the fact that p
Passing to the limit as → , we deduce from Lemma . and (.) that
In view of (.), we find that the concentration of ν () and ν () cannot occur at points
Applying (.) and (c) of Lemma ., we deduce that either (i) ν
N+α α-β+p . For the point x = , as in the case x j = , we get
This, combined with (c) of Lemma ., implies that either (iii) ν
To discuss the possibility of concentration of the sequence {(u n , v n )} at infinity, we define the following quantities:
It is obvious that η
∞ and ν
∞ defined by ()-() exist and are finite. For R > , let
we deduce from (.) and the fact that
Furthermore, combining (.) and the Hölder inequality, we derive
Consequently, we obtain from the definitions ()-() and (.)
Moreover, by means of (.), we have
∞ . This, combined with (.), implies that either (v) ν
N+α α-β+p . In the following, we show that (ii), (iv) and (vi) cannot occur. For any nonnegative continuous function ψ such that  ≤ ψ(x) ≤  on R N , we have
The alternative (i) or (ii) implies that J must be finite because the measures ν () and ν () are bounded. Moreover, ν () and ν () must be G-invariant because the functions (u n , v n )
are G-symmetric. This implies that if x j =  is a singular point of ν () and ν () , so is gx j for every g ∈ G, and the mass of ν () and ν () concentrated at gx j is the same for every g ∈ G.
If (ii) holds for x j = , then we choose ψ with compact support so that ψ(gx j ) =  for every g ∈ G and we derive
which contradicts (.). Similarly, if (iv) occurs at x = , we take ψ with compact support, so that ψ() =  and we have
, which is impossible. Finally, if (vi) holds we choose ψ = ψ R to obtain
, a contradiction with (.). As a result, we find that ν
Finally, by virtue of the fact that F (u, v) =  and
According to Lemma ., we immediately obtain the following result. 
Consequently, we deduce from p * (β, α) > p that there exist constants α  >  and ρ >  such
Let y be the extremal function satisfying (.), (.) and (.). Now we set u = y , v = ξ min y and
It is trivial to verify that (t) has a unique maximum at some t > . An easy computation gives us this value
Thus, we derive
Moreover, because F (ty , tξ min y ) → -∞ as t → ∞, we choose t  >  such that (t  y , t  ξ min y ) > ρ and F (t  y , t  ξ min y ) < , and set 
If c  < c *  , then the (PS) c condition holds by Lemma . and the conclusion follows by the mountain pass theorem. On the other hand, if c  = c *  , then γ (t) = (tt  y , tt  ξ min y ), with  ≤ t ≤ , is a path in such that max t∈ [,] F (γ (t)) = c  . As a result, either (t) =  and we are done, or γ can be deformed to a path γ ∈ satisfying max t∈[,] F ( γ (t)) < c  , which is a contradiction with (.). This part says that a nontrivial solution (
exists. Now we have just to show that the solution (u  , v  ) can be chosen to be positive on R N . Due to the fact that
This implies Proof of Corollary . Firstly, we remark that due to the identity (.), inequality (.) is equivalent to
for certain > , where
case (i). Taking into account (.), we need to show that
as → . Moreover, for any > , we obtain
for certain constant C  >  independent of . By virtue of (.) and (.), we obtain (.) for small enough. Part (), case (ii). We choose  >  so that
Then by (.) and the Lebesgue dominated convergence theorem, we derive
Hence (.) holds for small enough.
Part (), case (i). In view of (.), it is enough to prove that
as → +∞. Furthermore, for any > , we deduce from (k.) and the fact that α > -N that
for certain constant C  >  independent of > . These two estimates combined together imply (.) for >  sufficiently large.
Thus, by (.) and the Lebesgue dominated convergence theorem, we find
and (.) holds for >  sufficiently large. Similarly to the above, we conclude that part () holds.
To establish Theorem ., we employ the following version of the symmetric mountain pass theorem (see [] , Theorem .). 
}, then we write (u, v) = t(ũ,ṽ), with t = (u, v) and (ũ,ṽ) = . As a result, we derive 
Existence results for problem (P
The purpose of this section is to study problem (P K  h ) and detail the proof of Theorem .; here we always presume that K(x) ≡ K  >  is a constant on R N . First of all, we present the following compact embedding result, which is crucial for the proof of Theorem ..
Lemma . Suppose that (h.) is satisfied. Then the inclusion of
Proof Similar to the argument of [], Lemma ., we choose R  >  and R  >  such that  < R  < R  . In view of (h.), we employ the following integrals:
Obviously, we can presume
 . Now it is trivial to verify that 
